Abstract. Given a linear semi-bounded symmetric operator S ≥ −ω, we explicitly define, and provide their nonlinear resolvents, nonlinear maximal monotone operators A Θ of type λ > ω (i.e. generators of one-parameter continuous nonlinear semi-groups of contractions of type λ) which coincide with the Friedrichs extension of S on a convex set K containing D(S). The extension parameter Θ ⊂ h × h ranges over the set of nonlinear maximal monotone relations in an auxiliary Hilbert space h isomorphic to the deficiency subspace of S. Moreover A Θ + λ is a sub-potential operator (i.e. is the sub-differential of a lower semicontinuos convex function) whenever Θ is sub-potential. Examples describing Laplacians with nonlinear singular perturbations supported on null sets and Laplacians with nonlinear boundary conditions on a bounded set are given.
Introduction
Let S : D(S) ⊆ H → H be a lower semi-bounded symmetric operator on the Hilbert space H . The famed Birman-Kreȋn-Vishik theory ( [15] , [21] , [4] ) gives all its lower semibounded self-adjoint extensions; here we would like to provide a nonlinear analogue of this theory. First of all we need to define which kind of nonlinear extensions we are looking for. In the linear case, by spectral calculus, we know that the self-adjoint operator A is lower semi-bounded if and only if there exists a real number λ such that e −t(A+λ) , t ≥ 0, is a continuous semi-group of contractions in H , i.e. e −t(A+λ) u ≤ u (equivalently e −tA u − e −tA v ≤ e λt u − v ). Thus in the nonlinear case we are lead to look for nonlinear extensions which are generators of continuous nonlinear semigroups S t , t ≥ 0, such that S t (u) − S t (v) ≤ e λt u − v for some real number λ. By the theory of one-parameter continuous nonlinear semi-groups of contractions of type λ we know that S t has a generator given by a monotone operator of type λ which is a principal section of a maximal monotone relation (see Section 2 for a compact review of the theory of maximal monotone operators). Since maximal monotonicity can be characterized in terms of nonlinear resolvents and since, in the linear case, the theory of self-adjoint extensions can be formulated in terms of the famed Kreȋn's resolvent formula, one is led to look for a nonlinear version of this formula. In Section 3 we show that such a nonlinear generalization can be found and that it gives rise to maximal monotone nonlinear extensions of the symmetric operator S (see Theorem 3.4 and Remark 3.5). It turns out that these nonlinear extensions A Θ are parametrized by maximal monotone relations Θ ⊂ h × h in an auxiliary Hilbert space h isomorphic to the defect space of S. Moreover the nonlinear semigroup S Θ t having A Θ as its generator continuously depends on the linear symmetric operator S and the extension parameter Θ (see Lemma 3.8) .
In the linear case to any positive extension one can associate a corresponding bilinear form defined in terms of a positive bilinear form in h; the quadratic form of the linear extension is a convex lower semicontinuous functions and the associated self-adjoint operator is (one half of) its differential. This correspondence has a nonlinear analogue: if the extension parameter is the sub-differential of a convex lower semicontinuous function on h then the corresponding extension is the the sub-differential of a convex lower semicontinuous function (see Theorem 4.6 and Remark 4.7). Such representation in terms of sub-differentials allows for results about the regularity and the asymptotic behavior of the nonlinear semi-groups (see Remarks 4.8, 4.9 and 5.7).
The paper is concluded by Section 5 which contains some examples. In the first one (Example 5.1) we give a nonlinear version of the self-adjoint extensions describing point perturbations of the 3-dimensional Laplacian (see the comprehensive book [1] and references therein for the linear case). Such an example is then generalized (see Example 5.11) by considering more general singular perturbations of the n-dimensional Laplacian supported on d-sets with 2 < n − d < 4. Example 5.5 provides Laplace operators on a bounded regular set with nonlinear boundary conditions.
Nonlinear Semigroups of Evolution and their Generators
Let A : D(A) ⊆ H → H be a nonlinear operator on the real Hilbert space H with scalar product ·, · and corresponding norm · . A is said to be monotone of type ω (monotone in case ω = 0) if
and maximal monotone of type ω (maximal monotone in case ω = 0) if for some λ > ω (equivalently for any λ > ω) one has
By such a definitions one gets the existence of the nonlinear resolvent: if A is monotone of type ω then
Thus if A is maximal monotone of type ω then
is bijective for any λ > ω and the nonlinear resolvent
is monotone and is a Lipschitz map with Lipschitz constant (λ − ω) −1 . Given the nonlinear resolvent R λ := (A + λ) −1 , obviously one has A = R −1 λ − λ for any λ > ω, and such a relation is equivalent to the nonlinear resolvent identity
which holds for any couple λ, µ ∈ (ω, ∞). Conversely:
Remark 2.1. Let R λ : H → H , λ > ω, be a family of monotone and injective nonlinear maps which satisfies the nonlinear resolvent identity (2.1). Then
, is a λ-independent, maximal monotone nonlinear operator of type ω.
Remark 2.2. (see [2, page 46] ) Let H be a complex Hilbert space. Then
is said to be monotone of type ω whenever
Writing H = H r + i H r , where H r is the realification of H and defining
, one has that A is monotone in H if and only if A r is monotone in the real Hilbert space H r ⊕ H r . Similarly A is maximal monotone if and only if A r is maximal monotone. Thus the whole theory of maximal monotone operators in real Hilbert spaces extends, with the obvious modifications, to complex Hilbert spaces.
The notion of maximal monotone operator can be generalized by considering multi-valued maps:
A ⊂ H ×H is said to be a monotone relation of type ω (monotone relation in case
and is said to be a maximal monotone relation of type ω (maximal monotone relation in case ω = 0) if it is not properly contained in any other monotone relation of type ω. By Minty's theorem (see e.g. [16, Lecture 3, Theorem 1]), the graph
of a maximal monotone operator of type ω is a maximal monotone relation of type ω. Conversely, since any A ⊂ H × H defines a set-valued operator by 
corresponding to the Filipov map is maximal monotone. In particular, in the one-dimensional case, given f : R → R not decreasing, i.e. f (x) ≥ f (y) whenever x ≥ y, one gets the Filipov map ξ → F (ξ) := {x ∈ R : f (ξ − ) ≤ x ≤ f (ξ + )} , and the relation Θ f ⊂ R × R corresponding to such a set-valued map is maximal monotone; any maximal monotone relation in R × R is of this kind. Let C be a closed convex nonempty subset of H . The family of nonlinear operators S t : C → C , t ≥ 0, is said to be a one-parameter nonlinear continuous semi-group of type ω (of contractions, in case ω = 0) on C if
One then defines the generator of the above semigroup by
where D(A) ⊆ C is the set of u such that the above limit exists. 
is right continuous and t → e −ωt A(u(t)) is monotone nonincreasing; 5.
In the linear case C = H , t → S t u is continuously differentiable everywhere and by functional calculus a self-adjoint operator generates a one-parameter linear continuous semigroup of type ω if and only if A ≥ −ω and S t = e −tA . The nonlinear analogue of this result is given by combining Theorem 2.6 with the following result due to Kōmura [14] (here we give the version provided in [13] 
one has that A λ is a Lipschitz map and
Since A λ : H → H is Lipschitz, the Cauchy problem
Moreover, by Crandall-Liggett theorem (see e.g. [2, Theorem 4.3 and Corollary 4.3]) one has also the following exponential-type approximation for the nonlinear semigroup S t : for all t ∈ [0, T ] and for all v ∈ D(A), u ∈ D(A), there exists a positive constant C T independent of u and v such that
Alternative approximations of Trotter-Kato type are possible (see e.g. [6, Theoreme 3.16]): let A n be a sequence of maximal monotone operators of type ω such that
where S n t denotes the semi-group generated by A n , u n ∈ D(A n ) and u n − u → 0.
Nonlinear maximal monotone extensions
Let S : D(S) ⊆ H → H , S ≥ −ω, be a densely defined, semi-bounded symmetric operator. Then S is linear monotone of type ω but is not maximal monotone since it has A • as proper monotone extension, where Our aim here is to construct nonlinear maximal monotone operators A such that
For any λ > ω we define the bounded linear operators
By the denseness hypothesis on N one has
and, by first resolvent identity,
By Remark 2.1, we try to define a nonlinear extension A by producing its nonlinear resolvent R λ := (A + λ) −1 . Let us write the presumed resolvent as
λ , where the nonlinear mapṼ λ : h → H has to be determined. Then, since
Thus R λ is monotone whenever
namely whenever V λ is monotone.
Suppose now that there exist a family of monotone relations
where Z is the set of λ > ω such that {(ξ, ξ) : (ξ,ξ) ∈ M λ } is the graph of a (necessarily monotone) single-valued map M −1
λ , one has the following Lemma 3.1. For any λ ∈ Z let us define
Then R λ is monotone, injective and satisfies the nonlinear resolvent identity
By (3.1) one gets u = v and therefore R λ is injective.
By (3.2) and (3.4) one has
By Remark 2.1 then one obtains the following
Corollary 3.2. Let R λ be as in Lemma 3.1 and pose
Then A is λ-independent and maximal monotone of type λ for any λ ∈ Z.
As regards the required properties of the family M λ , one has the following Lemma 3.3. Let Θ ⊂ h × h be a maximal monotone relation and let λ • > ω. Then
Since G *
• is surjective, G • has closed range by the closed range theorem and so there exists
Moreover, since Θ is monotone, for any (ξ,ξ), (ζ,ζ) in Θ one has 
By collecting the above results finally one gets the following nonlinear version of Kreȋn's resolvent formula (see [17] , [10] and references therein for the linear case): 
is the resolvent of a nonlinear maximal monotone operator A Θ of type λ • . Such an operator is defined by
Let us now pose ξ u (λ) : 
Hence if (0, 0) ∈ Θ then A Θ generates a one-parameter continuous nonlinear semigroup defined on the whole Hilbert space H . Since
one has 
where S Θ t denotes the nonlinear semigroup of contractions generated by A Θ . Before stating the following convergence result, we recall the following definition: given the sequence {Θ n } ∞ 1 , Θ n ⊂ h × h, the relation lim inf Θ n ⊂ h × h is defined as the set of all couples (ξ,ξ) ∈ h × h such that there are sequences {ξ n } 
where S Θn t denotes the semi-group generated by A Θn , u n ∈ D(A Θn ) and u n − u → 0.
Proof. By our hypothesis on τ n , G n,λ := (τ n (A • + λ) −1 ) * and G * n,λ strongly converge to G λ and G * λ respectively. This implies that (
The thesis then follows by the resolvent formula provided in Theorem 3.4 and by the nonlinear Trotter-Kato Theorem (see (2.3) and (2.4)).
Sub-potential extensions
Let ϕ : h → (−∞, +∞] be a proper (i.e. not identically +∞) convex function and let us define its (not empty) effective domain by D(ϕ) := {ξ ∈ h : ϕ(ξ) < +∞} ; its sub-differential ∂ϕ ⊂ h × h is then defined by
Notice that (ξ, 0) ∈ ∂ϕ if and only if ξ is a minimum point of ϕ. Also notice that if ϕ is Gâteaux-differentiable at ξ then ∂ϕ(ξ) = ∇ϕ(ξ); so if ϕ is everywhere Gâteaux-differentiable then ∂ϕ = ∇ϕ. Sub-differentials of lower semi-continuous functions provide examples of maximal monotone operators (see e.g. An operator Θ = ∂ϕ, ϕ a proper and convex function, is called a sub-potential monotone operator ; if Θ is maximal (by Theorem 4.1 this holds whenever ϕ is lower semi-continuous) then we say that it is a sub-potential maximal monotone operator. Remark 4.3. Let ϕ be proper convex and letφ be its lower semi-continuous regularization, i.e.φ is the largest lower semi-continuous minorant of ϕ:
where the epigraph is defined by
Then ∂ϕ ⊆ ∂φ and so ∂ϕ = ∂φ whenever ∂ϕ is maximal monotone.
Remark 4.4.
A relation Θ ⊂ h × h is said to be cyclically monotone whenever for any finite sequence
Evidently any cyclically monotone relation is monotone and it easy to check that the subdifferential of any proper convex function is cyclically monotone. Conversely, see e.g. [6, Theoreme 2.5], for any cyclically monotone relation Θ ⊂ h × h there exists a proper lower semi-continuous convex function ϕ such that Θ ⊆ ∂ϕ; hence if Θ is maximal then Θ = ∂ϕ. 
otherwise .
Hence one gets that ξ ∈ D(L 
A similar result holds in the nonlinear case: 
where
• is a sub-potential maximal monotone operator:
Proof. Let us take
Then, by the definition of A Θ and since (ξ, τ u • ) ∈ Θ = ∂ϕ, one gets
2 ) and posing
and so in conclusion Graph(A Θ + λ • ) = ∂Φ. 
Remark 4.9. Suppose S > 0 and take λ • = 0. Then
In case Kernel(A ϕ ) = ∅, by [9, Theorem 4] one has
By [9, Theorem 5], if ϕ is an even function then the above weak limit (4.2) becomes a strong one.
Remark 4.10. Let ϕ λ be the Moreau regularization of ϕ, i.e.
Then ϕ is convex and Fréchet differentiable on h with ∇ϕ λ = (∂ϕ) λ , where (∂ϕ) λ denotes the Yosida approximation of ∂ϕ, i.e. (∂ϕ) λ = 1 λ
(1 − (λ∂ϕ + 1) −1 ) (see e.g. [2, Theorem 2.9]). Let Φ λ be the proper convex function defined as in (4.1) with ϕ replaced by ϕ λ . Then, denoting by S ϕ λ t the nonlinear semigroup generated by A ϕ λ := ∂Φ λ (here we suppose λ • = 0), by Lemma 3.8 one has
where u λ ∈ D(A ϕ λ ) and u λ − u → 0.
Examples
Example 5.1. (Nonlinear point perturbations of the Laplacian) Let
where Y ⊂ R 3 is a discrete set with n elements. Here
denotes the usual Sobolev-Hilbert space of square integrable functions with square integrable second order (distributional) partial derivatives. Thus we are looking for nonlinear maximal monotone extensions of the positive symmetric operator
Since the kernel of the resolvent of −∆ is given by
, is represented by a matrix with components
For any nonlinear maximal monotone relationΘ ⊂ R n × R n by Theorem 3.4 we get the maximal monotone operator of type λ
Now we give an alternative representation of the nonlinear extensions which are more tied to the linear ones presented in the book [1] and which generate, under suitable conditions on the extension parameter Θ, contraction nonlinear semigroups. We define
where the symmetric linear operator L • : R n → R n is represented by a matrix with components
we can re-define the extensions by (−∆)Θ ≡ (−∆) Θ and so one obtains the following result:
Let Θ ⊂ R n × R n be a nonlinear maximal monotone relation of type γ 0 , where γ 0 is the smallest eigenvalue of M 0 . Then
is the nonlinear resolvent of the nonlinear maximal monotone operator
Proof. By the previous calculations we know that (−∆) Θ is maximal monotone of type λ • > 0 and so we only need to show that (−∆)
where (ξ u ,ξ u ) and (ξ v ,ξ v ) belong to Θ ⊂ R n × R n . Thus the nonlinear extension (−∆) Θ is maximal monotone whenever Θ is maximal monotone of type γ 0 . Given Ω ⊂ R n , n > 1, a bounded open set with a boundary Γ which is a smooth embedded sub-manifold (these hypotheses could be weakened), H m (Ω) denotes the usual SobolevHilbert space of functions on Ω with square integrable partial (distributional) derivatives of any order k ≤ m and H s (Γ), s real, denotes the fractional order Sobolev-Hilbert space defined, since here Γ can be made a smooth compact Riemannian manifold, as the completion of C ∞ (Γ) with respect to the scalar product
Here the self-adjoint operator ∆ LB is the Laplace-Beltrami operator in L 2 (Γ). With such a definition (−∆ LB + 1) s/2 can be extended to a unitary map, which we denote by the same symbol,
For successive notational convenience we pose
The continuous and surjective linear operator
is defined as the unique bounded linear operator such that, in the case u ∈ C ∞ (Ω),
Here n denotes the inner normal vector on Γ. The map γ can be further extended to a bounded liner operator
We take h = H 1/2 (Γ) and τ = γ 1 |D(∆ D ). Thus we are looking for nonlinear maximal monotone extensions of the strictly positive symmetric operator S = −∆ min given by the minimal Laplacian
Notice that by defining the maximal Laplacian ∆ max as the distributional Laplacian restricted to D(∆ max ), one has ∆ max = (∆ min ) * . Posing R 
is the Dirichlet-to-Neumann operator. The relationγ where u ∞ = Kf u is the unique harmonic function in Ω such that γ 0 u ∞ = f u . If ϕ is an even function then the above limit holds in strong sense.
Let us now provide the nonlinear Robin-type boundary conditions associated with (−∆) ϕ :
is maximal monotone, where
and its nonlinear resolvent is given by 
is the extension map and In this case Theorem 3.4 provides maximal monotone extensions describing Laplacians with nonlinear boundary conditions at Γ and nonlinear singular perturbations supported at N.
